Abstract: Let Y ⊂ P n be a reduced curve with Y = P n , where denotes the linear span. For each P ∈ P n the Y -rank r Y (P ) is the minimal cardinality of S ⊂ Y such that P ∈ S . Here we study two extremal behaviors: " existence of P with r Y (P ) = n " or " r Y (P ) ≤ ⌈(n + 1)/2⌉ for all P ∈ P n ".
Introduction
Let Y ⊂ P n be any projective set spanning P n . For each P ∈ P n the Y -rank of P is the minimal cardinality of a set S ⊂ Y such that P ∈ S , where denotes the linear span. In this note we consider the case in which Y is a reducible curve spanning P n . If Y is an integral curve, then r Y (P ) ≤ n for all P ∈ P n ([2], Proposition 5.1). The same is true if Y is connected by [1] , Lemma 8.1. A dimensional count with joins gives r Y (P ) ≥ ⌈(n + 1)/2⌉ for a general P ∈ P n . In this case we explore two extremal cases (" existence of P ∈ P n with r Y (P ) = n " or " r Y (P ) ≤ ⌈(n + 1)/2⌉ for all P ∈ P n ", often with Y a union of lines. We mainly considered non-degenerate reduced and connected curves with degree n, i.e. the generalization of rational normal curves. In the following cases we characterize all P ∈ P n with r Y (P ) = n. Proposition 1. Let Y ⊂ P n , n ≥ 5, be a reduced and connected curve with two irreducible components C, T with deg(C) = n − 1, deg(T ) = 1 and C ∪ T = P n . Set O := C ∩ T . C is a rational normal curve in its linear span and Y is nodal at O. Let J be the tangent line of C at O. Take P ∈ P n . We have r Y (P ) = n if and only if P ∈ T ∪ J \ T ∪ J.
Proposition 2. Let Y ⊂ P n , n ≥ 6, be a reduced and connected curve with 3 irreducible components C, T, D with deg(C) = n−2, deg(D) = deg(T ) = 1, Y = P n and D ∩ T = ∅. Then r Y (P ) < n for all P ∈ P n . Proposition 3. Fix integers n, a such that 3 ≤ a ≤ n−3. Let Y ⊂ P n be a reduced and connected curve with two irreducible components, say Y = A ∪ B, such that Y = P n , deg(A) = a and deg(B) = n − a. The set A ∩ B is a single point O ∈ A ∩ B and A, B are rational normal curves in their linear span. Let J (resp. T ) be the tangent line of A (resp. B) at O. Fix P ∈ P n . We have r Y (P ) = n if and only if either there is Q ∈ A such that P ∈ T Q A ∪ T \ {Q, O} or there is E ∈ B such that P ∈ T E B ∪ J \ {E, O}. Definition 1. Fix an odd integer n ≥ 3. Let Y ⊂ P n be a reduced curve spanning P n . A spread of Y is a subcurve E ⊆ Y such that deg(E) = (n + 1)/2 and E = P n . Definition 2. Fix an even integer n ≥ 2. Let Y ⊂ P n be a finite union of lines such that Y = P n . We say that Y has a weak spread if there is E ⊂ Y such that deg(E) = 1 + n/2 and E = P n . Now assume that Y is connected. Let F(Y ) be the set of all final lines of Y . We say that Y has a quasi-spread if there is D ∈ F such that Y \ D is a hyperplane and the curve Y \ D has a spread with respect to the hyperplane Y \ D .
Proposition 4. Fix an odd integer n ≥ 3. Let Y ⊂ P n be a connected union of n lines such that Y = P n . The following conditions are equivalent:
(ii) r Y (P ) = (n + 1)/2 for a general P ∈ P n ; (iii) r Y (P ) ≤ (n + 1)/2 for a general P ∈ P n ; (iv) Y has a spread.
As an immediate corollary we get the following result. Corollary 1. Fix an even integer n ≥ 2. Let Y ⊂ P n be a union of finitely many lines. If Y contains a quasi-spread, then r Y (P ) ≤ (n + 2)/2 for every P ∈ P n and equality holds for a general P ∈ P n .
A pencil of P n (or with embedding dimension n) is a reduced union Y ⊂ P n of n lines of P n spanning P n and through a common point. Notice that a connected union Y ⊂ P n of n lines with Y = P n (i.e. p a (Y ) = 0) is a pencil if and only if it has a unique singular point.
Definition 3. Let Y ⊂ P n , n ≥ 2, be a union of lines with Y = P n . Let ρ(Y ) be the minimal degree of a subcurve F of Y such that F = P n .
Proposition 5. Let Y ⊂ P n , n ≥ 3, be a connected union of n lines and such that Y = P n . Y is a pencil if and only if ρ(Y ) = n. If Y is a pencil, then r Y (P ) = n for all P ∈ P n outside n hyperplanes.
We work over an algebraically closed base field K such that char(K) = 0. Lemma 1. Fix an odd integer n ≥ 3. Let Y ⊂ P n be a reduced curve spanning P n . Assume that Y has a spread E. Then E is formed by (n + 1)/2 distinct lines and
The Proofs
and hence n = dim( E ) ≤ deg(E) + s − 1. Hence s = (n + 1)/2, i.e. each F i is a line. By induction on the integer (n + 1)/2 we immediately get the second assertion.
Example 1. Fix O ∈ P n , n ≥ 3 and an integer e ≥ n. Let Y ⊂ P n be a union of e lines spanning P n . It is easy to check that dim(σ a (Y )) = min{n, a} for all a ≥ 1. Since P n is irreducible, the distributive property for joins gives the first part of the following lemma, the second part being true, because P n is irreducible.
Lemma 3. Let A ⊂ P n be a union of finitely many lines.
(i) We have dim(σ a (A)) ≤ min{2a − 1, n} for all a ≥ 1.
(ii) Assume that Y spans P n and for each linear subspace M ⊂ P n with
Proof. Part (i) is true for any finite union A of arbitrary integral curves. Hence it is sufficient to check part (ii). Since σ 1 (A) = A, the lemma is true for a = 1. Hence we may assume a ≥ 2, 2a ≤ n + 2 and that σ a−1 (A) has dimension 2a − 3. Take a component E of σ a−1 (A) of dimension 2a − 1. Take an irreducible component E of σ a−1 (A) with dimension 2a − 3. Lemma 2 gives that E is a linear space. Since E = P n , E is not a cone with vertex spanning P n . Hence there is a line L ⊂ Y such that E is not a cone with vertex L.
If 2 ≤ a ≤ n/2, then σ a (A) may have components of different dimension, we only claim that σ a (A) has at least one component of dimension 2a − 1.
Proof of Proposition 4. Obviously (i) ⇒ (iii) and (ii) ⇒ (iii)
. First assume that Y has a spread E. Call L 1 , . . . , L (n+1)/2 the lines of E. Fix P ∈ P n . Since E = P n and each L i is a linear subpace, there are O i ∈ L 1 , 1 ≤ i ≤ (n + 1)/2 such that P ∈ {O 1 , . . . , O (n+1)/2 }. Hence r Y (P ) ≤ r E (P ) ≤ (n + 1)/2. Hence (i) is true. Since dim(σ a (Y )) ≤ 2a − 1 for all a ≤ (n + 1)/2, we also get that (iv) implies (ii). Notice that dim(σ (n+1)/2 (E)) = n. Hence dim(σ a (Y )) = 2a − 1 for all a ≤ (n + 1)/2. Since dim(σ (n+1)/2 (Y ) = n > dim(σ (n−1)/2 (Y ), (ii) is satisfied. Assume (iii). To conclude the proof it is sufficient to prove that Y has a spread. Since dim(σ (n+1)/2 (Y )) = P n and P n is irreducible, there are lines
Proof of Proposition 5. If Y is a pencil, then r Y (P ) = n for all P ∈ P n outside the n hyperplanes spanned by n − 1 of the lines of Y . Now assume that Y is not a pencil. Hence there are different lines T 1 , T 2 , T 3 such that For any Q ∈ T we have r Y (Q) = 1. Take P ∈ P n \ (M ∪ T ) and assume r Y (P ) = n. There are
Let Z ⊂ C be the degree two effective divisor on C with A as its support. We have Z = T A C. Since C is a rational normal curve in its linear span and n − 1 ≥ 3, any degree 4 effective divisor of C is linearly independent. The point O 1 is not uniquely determined by
Hence the degree 5 divisor Z ∪ Z ′ ∪ {O} of C is not linearly independent. Since n − 1 ≥ 4 and C is a degree n − 1 rational normal curve, we have dim( Z ∪ Z ′ ∪ {O} ) = 4, a contradiction.
Take P ∈ T ∪ J \ T ∪ J and take B 1 ∈ T and B 2 ∈ J such that P ∈ {B 1 , B 2 }. Since P / ∈ T , we have J = {B 2 , O} . We have r C (B 3 ) = n − 1 for all B 3 ∈ J \ {O} ( [2] , Theorem 4.1). Take S ⊂ Y evincing r Y (P ) and assume ♯(S) ≤ n − 1. Since P / ∈ C , we have S ∩ (T \ {O}) = ∅. Assume for the moment either O ∈ S or ♯(S ∩ (T \ {O})) ≥ 2, i.e. assume T ⊂ S . Set
Hence there is B 3 ∈ J \ {O} with r C (B 3 ) ≤ n − 3, a contradiction. If O / ∈ S and ♯(S ∩ T ) = 1 we get the existence of B 4 ∈ J \ {O} with r C (B 4 ) ≤ n − 2, a contradiction.
Proof of Proposition 2. Since Y is a reduced and connected, deg(Y ) = n and
and D∩ C ∪T = {O}. Let J ⊂ C be the tangent line of C at O. Let J ′ ⊂ C be the tangent line to C at Q. Fix P ∈ P n and assume r Y (P ) ≥ n. There are P 1 ∈ T and P 2 ∈ C ∪ D such that P ∈ {P 1 , P 2 } . Since r Y (P ) ≥ n, we have r C∪D (P 2 ) ≥ n − 1. Since n − 1 ≥ 5, Proposition 1 gives
Lemma 4. Let C ⊂ P n be a rational normal curve. Fix O ∈ C and P ∈ T O C \ {O}.
(a) Let S ⊂ C be a subset evincing r C (P ), i.e. with ♯(S) = n and P ∈ S . Then O / ∈ S.
(b) Assume n ≥ 3. Fix Q ∈ C \ {O}. Then there is S ⊂ C evincing r C (P ) and with Q ∈ S.
Proof. Fix S ⊂ C evincing r C (P ). Let Z ⊂ C be the degree 2 effective divisor with O as its support. Since P ∈ Z ∩ S and Z S, we have
∈ S. Now we check part (b). Take a general hyperplane H ⊂ P n containing {Q, P }. Let W ⊂ C be the degree two effective divisor of C with Q as its support. Since n ≥ 3, any degree 4 zero-dimensional scheme. Hence Z and W are the only tangent lines to C intersecting the line {Q, P }. Hence Bertini's theorem gives that H ∩ C is reduced. We have Q ∈ H ∩ C and P ∈ H ∩ C .
Proof of Proposition 3. Fix P ∈ P n with r Y (P ) ≥ n. Take P 1 ∈ A and P 2 ∈ B such that P ∈ {P 1 , P 2 } . Since dim( A ) = a and dim( B ) = n − a, we have r A (P 1 ) ≤ n − a and r B (P 2 ) ≤ n − b. Hence r A (P 1 ) = a and r B (P 2 ) = n − a. Hence there are Q ∈ A and E ∈ B such that P 1 ∈ T Q A and P 2 ∈ T E B. To prove the " only if " part it is sufficient to prove that O ∈ {Q, E}. Assume O = Q and O = E. Lemma 4 gives the existence of S 1 ⊂ A, S 2 ⊂ B such that P i ∈ S i , i = 1, 2 and O ∈ S 1 ∩ S 2 . Since P ∈ S 1 ∪ S 2 and ♯(S 1 ∪ S 2 ) = n − 1, we get a contradiction. Now assume the existence of Q ∈ A such that P ∈ T Q A ∪ T \ {Q, O}. Take S ⊂ Y evincing r Y (P ). Set S ′ := S ∩ A and S ′′ := S ∩ B. First assume O ∈ S. Since A ∩ B = {O}, we get S ∩ B = S ′ . Hence there is P 1 ∈ S ′ and P 2 ∈ S ′′ such that P ∈ {P 1 , P 2 } . Take any Q 1 ∈ T Q A and any Q 2 ∈ B such that P ∈ {Q 1 , Q 2 } . The points P 1 , Q 1 , O (resp. P 2 , Q 2 , O) are collinear. Since O ∈ S ′ , we get Q 1 ∈ S ′ . Hence ♯(S ′ ) ≥ a. Part (a) of Lemma 4 gives ♯(S ′′ \ {O}) ≥ n − a. Hence ♯(S) ≥ n, i.e. r Y (P ) ≥ n. Now assume O / ∈ S. Since B is a rational normal curve in its linear span, any n − a + 1 points of B are linearly independent. Hence O / ∈ S ′′ . Hence A ∩ S = S ′ and we conclude as above. The case P ∈ T E B ∪ J \ {E, O} for some E ∈ B is similar.
